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Abstract
We use current graphs to nd decompositions of complete graphs into subgraphs with cer-
tain embeddability properties. These decompositions provide solutions to various extensions of
Ringel’s earth{moon problem to other surfaces and to more than two surfaces. In particular, we
nd a decomposition of K6n+1 into n toroidal graphs, and from this get a decomposition of K6n
into n projective-plane graphs. We nd a decomposition of K19 into three Klein bottle graphs
and for n> 3, we also conjecture that there exist decompositions of K6n+1 into n Klein bottle
graphs. Finally, we nd the 3-chromatic number for innitely many dierent orientable surfaces.
c© 2000 Elsevier Science B.V. All rights reserved.
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Current graphs have been used to construct a variety of dierent maps. They were
instrumental in nding the cubic maps needed to solve Heawood’s Map Color Theorem
[13]. They were also used to construct the empire maps required to give a partial
solution of Heawood’s Empire Problem [9,10,14]. In this paper, we use current graphs
to obtain empire maps on more than one surface.
In 1959, Ringel [11] asked the following question: What is the minimum number
of colors, 2(S), needed to properly color all earth{moon maps. By an earth{moon
map, we mean a map consisting of two separate spherical (planar) maps, an earth map
containing a collection of n countries each consisting of a single connected region, and
a moon map containing one connected colony for each of the n countries on the earth.
A proper coloring assigns the same color to both a country and its lunar colony and
dierent colors to countries and colonies with a common boundary.
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The notion of thickness is related to Ringel’s Earth{Moon Problem. The sphere
thickness of a graph G, denoted by S(G), is the smallest number of planar subgraphs
into which the edges of G can be partitioned. Dual to any partition of the edges of a
graph G into two planar subgraphs is an earth{moon map with chromatic number (G),
where (G) is the ordinary chromatic number of the graph G. Thus 2(S) can also be
thought of as the maximum chromatic number among the graphs with planar thickness
2. It is known that K8 has thickness 2, but that Kn, for n>9, has thickness greater
than 2 [3]. Thus 2(S)>8. In fact 2(S)>9, since Sulanke [15] has pointed out that
G=C5 K6, the join of C5 and K6, is a graph of thickness 2 and chromatic number 9.
Using Euler’s formula it can be shown that any graph with n vertices that is embed-
dable on a surface of Euler characteristic  has at most 3(n−) edges, for example, see
[13]. Thus, a planar graph G with n vertices has no more than 3n− 6 edges, and the
average degree of a vertex in G is no more than (6n− 12)=n< 6. Thus, the minimum
degree in any graph whose edges can be partitioned into two planar subgraphs must
then be less than 12. Consequently, twelve colors are sucient to color any earth{moon
map so 2(S) is 9; 10; 11; or 12.
Ringel’s Earth{Moon Problem can be generalized to other surfaces and more than
two surfaces. For any set of n surfaces
P
1;
P
2; : : : ; and
P
n we denote by (
P
1;
P
2;
: : : ;
P
n), the smallest number of colors, such that any map, consisting of n separate
parts, one on
P
1, one on
P
2; : : : ; and one on
P
n, with every empire represented by
one connected region on each of the surfaces
P
1;
P
2; : : : ; and
P
n, can be properly
colored using (
P
1;
P
2; : : : ;
P
n) colors. The chromatic number for empire maps on n
copies of a surface
P
with empires consisting of one connected region in each part,
will be denoted by (
P
;
P
; : : : ;
P
) = n(
P
), which we refer to as the n-chromatic
number of
P
. We also say that a partition of a graph G into n subgraphs each
embedded on a copy of
P
is an n-embedding of G on
P
.
If n = 2, we say that a biembedding of a graph G onto a pair of surfaces
P
1 andP
2 is a partition of G into two subgraphs, one embedded on
P
1 and one embedded
on
P
2. When
P
1 =
P
2 =
P
we represent (
P
1;
P
2) by 2(
P
) as above, and refer
to 2(
P
) as the bichromatic number of
P
. A partition of the edges of a graph G into
two subgraphs each embedded on
P
is also referred to as a 2-embedding of G on
P
.
For any graph G whose edges can be partitioned into two subgraphs both embeddable
on the projective plane, we again see that the minimum degree of a vertex is strictly
less than twelve, thus 2(P)612. For any graph G with T (G) = 2 or K (G) = 2,
we can say that the minimum degree of a vertex is less than or equal to 12, thus
2(T )613 and 2(K)613. In fact, using the current graph in Fig. 1 we can construct
an earth{moon map consisting of two separate torus maps and containing 13 mutually
adjacent empires, proving the following theorem.
Theorem 1A. 2(T ) = 13:
Proof. Note that every vertex in Fig. 1 either (1) has degree 3 and the sum of the
inward-owing currents equals the sum of the outward-owing currents (Kirchho’s
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Fig. 1. A current graph for a two-part empire map.
Fig. 2. (a) A symmetrical two-part map. (b) An empire map with 13 mutually adjacent empires on two tori.
Current Law) or (2) has degree 1 and (a) is incident to a current of order 2 or a
current of order 3, or (b) it is a vortex and labeled with the letter x. This ensures that
the maps constructed in Fig. 2a are cubic maps. The empires are labeled 0; 1; 2; : : : ; 11
and x. The numbered empires are labeled by the elements of the current group Z12,
and since the currents together with their inverses contain every non-zero element of
the group, every pair of numbered empires are adjacent. Since current 2 incident to
the vortex x generates a subgroup of index 2 in Z12, we obtain a pair of disjoint
236 B. Jackson, G. Ringel / Discrete Mathematics 211 (2000) 233{242
Fig. 3. A map with 12 mutually adjacent empires on two projective planes.
maps with a 6-sided region labeled x at the center of each map. The empire x is
adjacent to the even empires 0; 2; 4; : : : in the rst map and the odd empires 1; 3; 5; : : :
in the second. Since the log of the currents forms two distinct circuits (5 3 − 1) and
(4 − 4 − 3 2 x − 2 − 5 6 1); each numbered empire also has two parts, a 3-sided
region in one map and a 9-sided region in the other map. This two-part empire map
is shown in Fig. 2a (note that the right half can be obtained from the left by adding
1 modulo 12 to each numbered region). Thus, we obtain an empire map of 13 mutually
adjacent empires, and since each map is on an orientable surface of characteristic 0,
this shows that 2(T ) = 13:
These toroidal maps can also be redrawn as in Fig. 2b to illustrate one of their
remarkable properties. By deleting the x-regions in Fig. 2b, we obtain the map in
Fig. 3. Thus, starting with an empire map of 13 mutually adjacent empires on two
orientable surfaces, we end up with an empire map consisting of two separate projective
plane (both nonorientable) maps, containing twelve mutually adjacent empires, thus
proving the following.
Theorem 2A. 2(P) = 12:
We have been able to nd empire maps on two Klein bottles consisting of 13
empires, all but two adjacent so we see that 1262(K)613. It seems unlikely that
maps of 13 mutually adjacent empires exist and we make the following conjecture.
Conjecture 1. 2(K) = 12.
A straightforward computation, generalizing the argument in [13] for the ordinary
chromatic number of a surface, shows that we can use Euler’s formula to obtain the
following upper bound on the bichromatic number of a surface.
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Fig. 4. A two-part empire map on the torus and sphere.
Lemma 1. For any surface
P 6= S with Euler characteristic E(P);
2
X
6
$  
13 +
r
169− 48E
X!,
2
%
:
It seems likely that equality almost always holds in Lemma 1 so we make the
following conjecture.
Conjecture 2. Equality holds in Lemma 1 for every surface
P
, except the Klein
bottle K .
In general, we let Sk represent the orientable surface of genus k, and let Nk represent
the nonorientable surface of genus k. In addition to T=S1 and P=N1 mentioned above,
Beineke [5] has shown that equality holds for S2 and current graphs are presented in
[2,8] to show that equality holds for three additional surfaces, namely 2(S38) = 37;
2(S123) = 61, and 2(S256) = 85.
If two dierent surfaces are considered, then Borodin and Mayer [7] have constructed
a decomposition of the edges of K13 into two subgraphs, one embeddable on the
torus and one embeddable on the Klein bottle, thus showing that (T; K) = 13. If a
graph G can be partitioned into two subgraphs one embeddable on the sphere and one
embeddable on either the torus or the Klein bottle we see that G must have minimum
degree less than 12, thus (S; T )612 and (S; K)612. The edges of the graph K12 −
P2 (a path with two edges) can be partitioned into two subgraphs, one planar and
one embeddable on the torus as illustrated by taking the dual graphs of the maps in
Fig. 4, thus showing that 116(S; T )612. It is also possible to partition the edges of
K12−P2 into two subgraphs, one planar and one embeddable on the Klein bottle, thus
116(S; K)612 as well. For biembeddings of a graph G onto a pair of surfaces
P
1
and
P
2 the following fomula can be obtained.
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Fig. 5. (a) A current graph for n = 2t: (b) A current graph for n = 2t + 1:
Lemma 2. For any two dierent surfaces
P
1 6=
P
2 it can be shown that

X
1
;
X
2

6
$  
13 +
r
169− 24

E
X
1

+ E
X
2
!,
2
%
:
In [1,2,8] biembeddings of complete graphs have been constructed to show that
equality holds in this formula for innitely many pairs of dierent surfaces
P
1
and
P
2.
Most of the results we have mentioned in this paper can also be generalized to
empire maps with more than two parts (thickness >2). The minimum degree of an
empire map on n spheres will be less than 6n, thus n(S)66n. In addition, it is known
[4,6] that the edges of the complete graph K6n−2 can be partitioned into n planar
subgraphs, for n> 2, thus we see that n(S) equals 6n − 2; 6n − 1, or 6n. Similarly,
we note that the minimum degree of an empire map on n projective planes will be
less than 6n, and the minimum degree of an empire map on n tori or Klein bottles
will be less than or equal to 6n, thus n(P)66n; n(T )66n+ 1, and n(K)66n+ 1.
The current graphs in Figs. 5a and b can be used to construct empire maps of 6n+ 1
mutually adjacent empires on n tori for n odd and n even, respectively. In either case,
the current incident to the vortex x has order 6 in the current group Z6n so the maps
constructed in Fig. 6 (t = 3 is shown) consist of n = 2t symmetrical parts (similar
maps can be drawn for n = 2t + 1) with a 6-sided region labeled x at the center of
each part. The map with x adjacent to the empires 0; 2t; 4t; : : : is shown in Fig. 6 and
the other maps can be obtained from this one by adding 1; 2; : : : ; 2t − 1 (modulo 12t),
respectively, to each numbered region. Each symmetrical part is a toroidal map with
one region from each of the empires 0; 1; 2; : : : ; 6n− 1, and x, together forming a map
of 6n+ 1 mutually adjacent empires on n tori, thus proving the following.
Theorem 1B. For all n>2; n(T ) = 6n+ 1.
This also gives us a decomposition of the edges of K6n+1 into n toroidal subgraphs.
Ringel rst obtained a decomposition of this kind in [12]. In addition, by deleting
B. Jackson, G. Ringel / Discrete Mathematics 211 (2000) 233{242 239
Fig. 6. One part of an empire map with 37 mutually adjacent empires on six tori.
Fig. 7. One part of a map with 36 mutually adjacent empires on six projective planes.
the x-regions from these n toroidal maps, as before, we obtain an empire map of 6n
mutually adjacent empires on n projective planes. One part of this map (t=3 is shown)
is given in Fig. 7 and again, the other parts can be obtained from this one by adding
1; 2; : : : ; 2t − 1 (modulo 12t), respectively, to each numbered region, illustrating the
following theorem.
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Fig. 8. An empire map of 19 mutually adjacent empires on three Klein bottles.
Theorem 2B. For all n>2; n(P) = 6n.
Beineke rst showed that n(P) = 6n in [4]. He also obtained a similar result for
the double-torus T2, showing that n(T2) = 6n+ 2.
A computer search has found an empire map of 19 mutually adjacent empires on
three Klein bottles (see Fig. 8). In fact, we can show that (
P
1;
P
2;
P
3) = 19, for
any set of three surfaces all with Euler characteristic 0. Thus we have the following
theorem.
Theorem 3. 3(K) = 19:
For empire maps on n> 3 Klein bottles, we know that 6n6n(K)66n+1, and we
make the following conjecture.
Conjecture 3. For all n>3; n(K) = 6n+ 1.
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Fig. 9. An orientable 3-embedding of K36m+19.
It also seems likely that (
P
1;
P
2; : : : ;
P
n) = 6n + 1 for any set of n surfaces all
with Euler characteristic 0.
In general, we know that for any surface
P 6= S the following upper bounds hold.
Lemma 3. For any surface
P 6= S; n(P)6b(1 + 6n+p(1 + 6n)2 − 24nE(P))=2c.
Thus, for n=3 we see that 3(
P
)6b(19+p361− 72E(P))=2c. While the 2-chromatic
number is known for only nitely many surfaces we can nd the 3-chromatic number
for innitely many orientable surfaces.
Theorem 4. For n = 3; equality holds in Lemma 3; when
P
is a surface of Euler
characteristic E(
P
) and 3(
P
) = 36m+ 19 = b(19 +p361− 72E(P))=2c.
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Proof. The current graphs in Fig. 9 give a 3-embedding of the complete graph K36m+19
into an orientable surface of minimum genus.
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